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A self-dual and anti-self-dual decomposition of the teleparallel gravity is carried out and the self-
dual Lagrangian of the teleparallel gravity which is equivalent to the Ashtekar Lagrangian in vacuum
is obtained. Its Hamiltonian formulation and the constraint analysis are developed. Starting from
Witten’s equation Nester’s gauge condition is derived directly and a new expression of the boundary
term is obtained. Using this expression and Witten’s identity the proof of the positive energy
theorem by Nester et al is extended to a case including momentum.
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I. INTRODUCTION
Recently, as a description of gravity equivalent to general relativity the teleparallel gravity has attracted renewed
attention [1-5] owing to many salient features of it. First of all, the teleparallel gravity can be regarded as a translational
gauge theory [1, 2, 4, 6], which make it possible to unify gravity with other kinds of interactions in the gauge
theory framework in which the elementary interactions are described by a connection defined on some principal fiber
bundle. In this direction interesting developments [7] have been achieved in the context of Ashtekar variables [8].
However, when dealing with supergravity and in the search for the construction of a unified model for the fundamental
interactions, another usual route [9] is to consider Kaluza-klein type models [10] of supergravity as candidates. In
this approach the fields describing the fundamental interactions (including gravity) correspond to different pieces
of the pseudo Riemannian metric characterizing a higher dimensional spacetime. This approach are considered as
quite different from the former and the relation between them has note been very clear. It is noteworthy that some
teleparallel equivalents of the Kaluza-Klein theory and non-Abelian Kaluza-Klein theory are developed [11], which
gives us new perspectives for the study of unified theories.
Another advantage of the teleparallel gravity concerns energy-momentum, its representation, positivity and local-
ization [1, 2, 5]. Because of its simplicity and transparency the teleparallel gravity seems to be much more appropriate
than general relativity to deal with the problem of the gravitational energy-momentum. It is proved that [12, 1, 2,
5] in the teleparallel gravity there exists a gravitational energy-momentum tensor which is covariant under general
coordinate transformations and global Lorentz transformations.
Attempts at identifying an energy-momentum density for gravity in the context of general relativity lead only to
various energy-momentum complexes which are pseudotensors and then a new quasilocal approach which can be
traced back to the early work of Penrose [13] has been proposed and become widely accepted [5, 14]. According
to this approach a quasilocal energy-momentum can be obtained from the Hamiltonian. Every energy-momentum
pseudotensor is associated with a legitimated Hamiltonian boundary term. In terms of teleparallel gravity a geomet-
rically natural proof of the positivity of the gravitational energy is obtained [5] by choosing a maximal surface and a
vanishing shift.
Nester and his coworkers have found a four-spinor formulation of the teleparallel gravity [5].This formulation
has several virtues, in particular it gives a four-covariant Hamiltonian, shows that total four-momentum is future
timelike and can be evaluated on a spacelike surface extending to future null infinity thereby showing that the Bondi
four-momentum also is future timelike. It is suggested to generalizing this formulation to self-dual representations.
The chiral Lagrangian formulation of general relativity employing two-component spinors has been introduced [15].
Usually the teleparallel gravity is viewed as a equivalent of general relativity. It is well known, as a self-dual formulation
of general relativity Ashtekar’s theory opens new avenues to quantum gravity and plays a important role in the
development of modern gravitational theory. It is shown that a lot of gauge theories, gravity and supergravity
theories have their self-dual partners [16-18], a question naturally arises whether there is a self-dual teleparallel
gravitational theory which equivalent to Ashtekar’s theory. If it exists, can it gives us some new perspectives? In this
paper a two-spinor formulation of the teleparallel gravity which is a self-dual representation of the teleparallel gravity
and equivalent to the Ashtekar theory [8] will be developed.
In the proof of the positive energy theorem [19] Witten propose a spatial Dirac equation. In the last two decades
people have been trying to understand the meaning of this equation and its solutions. In terms of a orthonormal
1
frame Nester gave another proof of the positive energy theorem [5] using teleparallel geometry under a special gauge
in which the shift vanishes. Some authors found the relation between the orthonormal frame (triad) and the Witten
equation [20]. In this paper Nester’s gauge condition will be derived from Witten’s equation. Furthermore a proof
of the positive energy theorem different from Nester’s by a nonvanishing shift and without maximal surface will be
suggested.
In section 2 the self-dual and anti-self-dual decomposition of the Lagrangian of the teleparallel gravity is carried
out and the self-dual teleparallel Lagrangian is given. In section 3 the Hamiltonian formulation and the constraint
algebra of the teleparallel gravity is built up. Its boundary term is just the self-dual part of Nester’s boundary term.
In section 4, using Witten’s equation Nester’s gauge condition is derived and a new expression of the boundary term
is obtained. Using this expression and the Witten identity a proof of the positive energy theorem is shown under a
deferent gauge condition from the one of Nester in section 5. Finally, section 6 is devoted to some conclusions.
II. SELF-DUAL AND ANTI-SELF-DUAL DECOMPOSITION OF THE LAGRANGIAN OF THE
TELEPARALLEL GRAVITY
We start with a common relation between the tetrad eIµ, the spin connection ωµ
I
J , and the affine connection
◦
Γ
ρ
νµ [1,
21]
∂µe
I
ν + ωµ
I
Je
J
ν−
◦
Γ
ρ
µνe
I
ρ = 0, (1)
where I, J, . . . = 0, 1, 2, 3 are the internal indices and µ, ν, . . . = 0, 1, 2, 3 are the spacetime indices. Defining the
Weitzenbok connection [1,21]
Γρµν = eI
ρ∂µe
I
ν , (2)
then (1) leads to
Γρµν =
◦
Γ
ρ
µν − ωµIJeIρeJν
=
◦
Γ
ρ
µν − ωµρν
= {µρν}+
◦
K
ρ
µν − ωµρν , (3)
where
ωµ
ρ
ν = ωµ
I
JeI
ρeJν , (4)
and {µρν},
◦
K
ρ
µν is the Christoffel connection and the affine contortion, respectively. By introducing the Weitzenbok
torsion
T ρµν = Γ
ρ
µν − Γρνµ, (5)
and the Weitzenbok contortion [1,22]
Kρµν=
1
2
(T ρνµ + Tµ
ρ
ν + Tν
ρ
µ), (6)
we can obtain from (3)
T ρµν =
◦
T
ρ
µν − ωµρν + ωνρµ, (7)
and
Kρµν =
◦
K
ρ
µν + ωµν
ρ, (8)
where
◦
T
ρ
µν = 2
◦
Γ
ρ
[µν] =
◦
Γ
ρ
µν−
◦
Γ
ρ
νµ, (9)
2
is the affine torsion and
◦
K
ρ
µν =
1
2
(
◦
T
ρ
µν+
◦
Tµ
ρ
ν+
◦
T ν
ρ
µ), (10)
is the affine contortion [22].
In this paper we concentrate on the case of vanishing affine torsion
◦
T
ρ
µν = 0, (11)
and then
◦
Γ
ρ
µν = {µρν}
as in the usually general relativity, we have
◦
K
ρ
µν = 0, (12)
and then
Kρµν = ωµν
ρ. (13)
As a result (3) reads
Γρµν = {µρν}+Kρµν
=
◦
Γ
ρ
µν +K
ρ
µν , (14)
and we are led to the theories given by Hayashi, Shirafuji [22], de Andrade, Guillen and Pereira [1] which are equivalent
to general relativity and called theories of teleparallel gravity. In these theories the curvature of the Weitzenbok
connection vanishes:
Rρσµν = ∂µΓ
ρ
σν − ∂νΓρσµ + ΓρτµΓτ σν − ΓρτνΓτ σµ ≡ 0, (15)
while the curvature of the Christoffel connection
◦
R
ρ
σµν = ∂µ{σρν} − ∂ν{σρµ}+ {τρµ}{στν} − {τρν}{στµ} (16)
does not. For these theories one can say that the spacetime is a Weitzenbok spacetime with respect to the Cartan
connection or a Riemann spacetime with respect to the Christoffel connection.
According to [1], the Lagrangian of the gravitational field can be chosen as
LG = −
(4)e
2
SρµνTρµν , (17)
where (4)e = det(eIµ), and
Sρµν =
1
2
(Kµνρ − gρνT σµσ + gρµT σνσ). (18)
From (7) and (11) we can obtain
T ρµν = ων
ρ
µ − ωµρν , (19)
and
Sµ
νρ =
1
2
(ωρµ
ν − δρµωσσν + δνµωσσρ), (20)
which lead to
SρµνTρµν = ωρ
µνωµ
ρ
ν − ωρρνωµµν , (21)
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and
Sµ
νρT µνλ =
1
2
ωρµ
ν(ωλ
µ
ν − ωνµλ)− 1
2
ωµ
µν(ωλ
ρ
ν − ωνρλ)− 1
2
ωµ
µρων
ν
λ. (22)
Using (13), (6) and (5) we can compute
ωµνρ = Kρµν =
1
2
(Tµρν + Tνρµ + Tρµν)
= (eIρ∂[µe
I
ν] + eIµ∂[ρe
I
ν] + eIν∂[ρe
I
µ]), (23)
ωνµρ = gντgρσeI
µ∂[σe
I
τ ] + g
µλgρσeI
ν∂[σe
I
λ] + g
µλgντeI
ρ∂[λe
I
τ ], (24)
and
SρµνTρµν = ωµνρω
νµρ − ωµµρωννρ
=
1
4
TρµνT
ρµν +
1
2
TρµνT
νµρ + Tρµ
ρT νν
µ. (25)
Then the Lagrangian (17) can be written as
LG = −
(4)e
8
(ηIJg
µλgντ + 2(4)eI
τ(4)eJ
νgµλ − 4(4)eIµ(4)eJλgντ )T IµνT Jλτ
= −
(4)e
8
(TµνλT
µνλ + 2TµνλT
λνµ − 4T µµλT ννλ), (26)
which is equivalent to the Einstein Lagrangian.
In terms of two-spinors the connection ωµν
ρ = ωAA′BB′
CC′ can be decomposed into two parts:
ωAA′BB′
CC′ = ωAA′B
CǫC
′
B′ + ωAA′B′
C′ǫCB
= ω+AA′BB′
CC′ + ω−AA′BB′
CC′ , (27)
where
ω+AA′BB′
CC′ = ωAA′B
CǫC
′
B′ , (28)
and
ω−AA′BB′
CC′ = ωAA′B′
C′ǫCB, (29)
is the self-dual and the anti-self-dual part of the connection ωAA′BB′
CC′
(A,B, . . . = 0, 1;A′, B′, . . . = 0′, 1′), respectively. Using these results we obtain
T(c)µνλT
µνλ
(c) = TAA′BB′CC′T
AA′BB′CC′
= 4ωAA′BCω
AA′BC + 4ωAA′B′C′ω
AA′B′C′
−2ωAB′CBωBB
′AC − 2ωBA′C′B′ωBB
′A′C′
+4ωAA′
ABωBB′
B′A′ ,
T(c)µνλT
λνµ
(c) = −2ωAA′BCωAA
′BC − 2ωAA′B′C′ωAA
′B′C′
+3ωAB′CBω
BB′AC + 3ωBA′C′B′ω
BB′A′C′
−6ωAA′ABωBB′B
′A′ ,
and
T
µ
(c)µλT
ν
(c)ν
λ = ωAA′
ACωAB
′
AC + ωAA′
A′C′ωAB
′
B′C′ − 2ωAA′ABωBB′B
′A′ .
The Lagrangian LG takes the form
4
LG = −
(4)σ
4
(4ωAB′CBω
BB′AC + 4ωBA′C′B′ω
BB′A′C′
−4ωAA′ACωAB
′
AC − 4ωAA′A
′C′ωAB
′
B′C′)
= (4)σ(ωAA′
ACωBA
′
BC + ωAA′
A′C′ωAB
′
B′C′
−ωAB′CBωBB
′AC − ωBA′C′B′ωBB
′A′C′),
and splits into two parts:
LG = L+G + L−G,
where
L+G =(4) σ(ωAA′ACωBA
′
BC − ωAB′CBωBB
′AC),
and
L−G =(4) σ(ωAA′A
′C′ωAB
′
B′C − ωBA′C′B′ωBB
′A′C′),
is the self-dual part and the anti-self-dual part of LG with the determinant (4)σ of the inverse SL(2,C) soldering form
σµ
AA′ on the spacetime manifold M .
Since LG consists of two invariant parts depending on ωAA′BC and ωAA′B′C′ respectively, we can choose the self-dual
part L+G as the Lagrangian which is the equivalent of the Ashtekar Lagrangian [8].
III. THE HAMILTONIAN FORMULATION OF THE SELF-DUAL TELEPARALLEL GRAVITY
In order to obtain the Hamiltonian of the theory a foliation in the spacetime manifold M should be introduced.
Assuming that M = Σ×R for some space-like Manifold Σ, we can choose a time function t with nowhere vanishing
gradient (dt)µ such that each t = const surface Σt is diffeomorphic to Σ. Introduce a time flow vector t
µ satisfying
tµ(dt)µ = 1, we can decompose it perpendicular and parallel to Σt: t
µ = Nnµ+Nµ, where nµ is the time-like normal
at each point of Σt and N , N
µ are the lapse function and the shift vector , respectively. The spacetime metric gµν
introduces a spatial metric qµν on each Σt by the formula
qµν = gµν + nµnν . (30)
In the two-spinor formalism the unit normal vector nµ = nAA
′
defines an isomorphism from the space of primed
spinors to the space of unprimed spinors [24, 8]:
ξA =
√
2nAA
′
ξA′ ,
ωABCD =
√
2nA
A′ωAA′CD, (31)
nAB =
√
2nBA
′
nAA′ =
1√
2
ǫAB. (32)
In this formalism (30) reads
gABCD = qABCD + nABnCD, (33)
or
ǫACǫBD = −ǫA(CǫD)B + 1
2
ǫABǫCD. (34)
Using these results and decomposing ωABCD into its symmetry part ω(AB)CD and skew-symmetry part ω[AB]CD:
ωABCD = ω(AB)CD + ω[AB]CD, (35)
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the Lagrangian L+G can be written as
L+G =(4) σ[ω(AB)ACωDBDC − ω(AB)CDωCBAD −
√
2ω⊥CDω
(CE)
E
D],
where
ω⊥CD = n
ABωABCD. (36)
From (1) one gets
ωµ
I
ν = ωµ
I
Je
J
ν = −∂µeIν + ΓρµνeIρ := −
◦
∇µ eIν , (37)
where
◦
∇µ is the affine covariant derivative which is just the Christoffel covariant derivative [1] since we have assumed
the vanishing affine torsion. In the two-spinor formalism (37) reads
ωCDAB = −ζaA
◦
∇CD ζaB.
Using the relation
nAB =
1
N
(tAB − NAB),
one gets
ω⊥CD = − 1
N
ζC
b
·
ζbD − 1
N
NABωABCD, (38)
where
·
ζbD= t
AB
◦
∇AB ζbD. (39)
The Lagrangian L+G becomes
L+G = (4)σ[ω(AB)ACω(DB)DC − ω(AB)CDω(CB)AD]
−(4)σ[ω(AB)ACζDa
◦
∇
[DB]
ζaC − ω(AB)CDζAa
◦
∇
[CB]
ζa
D]
+(4)σ
√
2
N
(ζC
b
·
ζbD +N
ABωABCD)ω
(CE)
E
D.
The second term can be rewritten
ω(AB)
ACζD
a
◦
∇
[DB]
ζaC − ω(AB)CDζAa
◦
∇
[CB]
ζa
D
= −
√
2
N
ω(AB)
AC(ζBa
·
ζaC +N
EFωEF
B
C)
and then one obtain
L+G = Nσ[ω(AB)ACω(DB)DC − ω(AB)CDω(CB)AD]
+2
√
2σ(ζC
b
·
ζbD +N
ABωABCD)ω
(CE)
E
D, (40)
where
σ =
(4)σ
N
= detσµ
AB =
1
N
√−g. (41)
The canonical momentum conjugate to
.
ζbD is
p˜bD =
∂L+G
∂
·
ζbD
= 2σ
√
2ζC
bω(CE)E
D. (42)
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Here ω(AB)
CD is just Ashtekar’s variable which appears in the canonical momentum conjugate p˜bD to ζbD and is
related to p˜bD by
ω(AC)C
B = − 1
2σ
√
2
ζa
Ap˜aB. (43)
The gravitational Hamiltonian can be computed
HG = p˜bD
·
ζbD −L+G
= σ[NH⊥ +NABHAB+
◦
∇(AB) BAB],
where
H⊥ = ω(AB)CDω(AB)CD −
1√
2
ω(AB)
ACζb
B p˜bC
+
1
2
√
2
◦
∇(AB) (ζbB p˜bA) +
1
2
√
2
ζb
B p˜bA
◦
∇(AB) lnN
−
√
2
N
ω(AB)EC
◦
∇(AB) NCE , (44)
HAB =
√
2σ[− ◦∇(CD) ω(CD)AB + 2ω(CD)BEω(CD)AE ]
−ζbC p˜bDω(AB)CD, (45)
and
B˜(AB) = −1
2
(Nσω(CB)AC +Nσω
(CA)B
C)−
√
2σNCDω(AB)DC . (46)
Here B˜(AB) is just the self-dual part of the boundary term B˜µ given by Nester [5].
By following the Dirac constraint analysis we find that the theory has the same constraint structure. There are
only two constraints, the scalar constraint
H⊥ = 0,
and the vector constraint
HAB = 0.
The phase space (ΓTG,ΩTG) of the teleparallel gravity is coordinatized by the pair (ζbD, p˜
bD) and has symplectic
structure
ΩTG =
∫
Σ
dp˜bD ∧ dζbD. (47)
By constructing the constraint functions by smearing H⊥ and Hi with test fields N and N i on Σ following the
approach of Ashtekar [8]
C(N) =
∫
Σ
NH⊥,
C(
−→
N ) =
∫
Σ
NABHAB,
we find that in the case ∂iN
i = 0, the constraint algebra is given by
{C(N), C(M)} = C(L−→
t
M)− C(L−→
t
M), (48)
{C(−→N), C(M)} = C(L−→
N
M), (49)
7
and
{C(−→N), C(−→M)} = C(L−→
N
−→
M) = C([
−→
N,
−→
M ]). (50)
These equations indicate that the constraint algebra is closed and the constraints C(N) and C(
−→
N) are first class, which
is very similar to the case in general relativity. The first class constraints C(N) and C(
−→
N) generate the corresponding
gauge transformations, the spacetime translations. We have shown that the constraint algebra of the teleparallel
gravity has the same structure as that of general relativity.
IV. WITTEN-NESTER GAUGE CONDITIONS
Introducing the Lorentz covariant derivative of eIν by
▽µe
I
ν = ∂µe
I
ν + ωµ
I
Je
J
ν ,
then we have
ωµ
ρ
ν = eI
ρeJνωµ
I
J = eI
ρ(▽µe
I
ν − ∂µeIν).
Using the dyad
ζ0A = oA, ζ1A = ιA, ζ
A0 = −ιA, ζA1 = oA, (51)
and supposing
oA =
1
χ
λA, ιA =
1
χ
λ†A, (52)
one obtains
ωCDAB = ζaA(▽CDζ
a
B − ∂CDζaB)
=
1
χ2
(λ†A∇CDλB − λA▽CDλ†B
−λ†A∂CDλB + λA∂CDλ†B), (53)
and then
ω(CB)AC + ω
(CA)B
C
=
1
χ2
(λ†A▽(CB)λC − λA▽(CB)λ†C + λ†B▽(CA)λC − λB▽(CA)λ†C
−λ†A∂(CB)λC + λA∂(CB)λ†C − λ†B∂(CA)λC + λB∂(CA)λ†C).
Suppose the spinors λA and its conjugate λ
A′
are the solutions of the Witten equation
▽(AB)λ
A = 0, (54)
and
▽(A′B′)λ
A′
= 0. (55)
The later leads to
▽(AB)λ
†A =
1√
2
Kλ
†
B. (56)
Using (51) and (53) one can compute
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ω(CB)AC + ω
(CA)B
C
= − 1√
2χ2
K(λBλ†A + λAλ†B)
− 1
χ2
(λ†A∂(CB)λC − λA∂(CB)λ†C + λ†B∂(CA)λC − λB∂(CA)λ†C). (57)
Introducing the triad on the spacelike hypersurface Σ:
e1
AB =
1√
2
(ma −ma) = 1√
2χ2
(λAλB + λ†Aλ†B),
e2
AB =
−i√
2
(ma +ma) =
−i√
2χ2
(λAλB − λ†Aλ†B),
e3
AB =
1√
2
(la − na) = 1√
2χ2
(λAλ†B + λ†AλB), (58)
one can compute
∂(AB)e1AB = −2χ−1∂(AB)χe1AB +
√
2
χ2
(λA∂
(AB)λB + λ
†
A∂
(AB)λ
†
B),
(ω(CB)AC + ω
(CA)B
C)e1AB = −
√
2
χ2
(λA∂
(AB)λB + λ
†
A∂
(AB)λ
†
B)
= −2χ−1∂(AB)χe1AB − ∂(AB)e1AB
= −∂1 lnχ2 − ∂(AB)e1AB.
By the same way one gets
(ω(CB)AC + ω
(CA)B
C)e2AB = −∂2 lnχ2 − ∂(AB)e2AB,
(ω(CB)AC + ω
(CA)B
C)e3AB = −∂3 lnχ2 − ∂(AB)e3AB +K.
Then we have
qI = ω
+
jI
j = (ω(CB)AC + ω
(CA)B
C)eIAB
= −∂I lnχ2 − ∂(AB)eIAB + δI3K,
(I = 1, 2, 3). (59)
This is just the Nester gauge condition with a correct term ∂(AB)eIAB.
V. WITTEN IDENTITY AND POSITIVITY OF GRAVITATIONAL ENERGY
Using (53) one can compute
−N jω+i⊥j = −
√
2NCDω(AB)DC
= −
√
2
χ2
NCD[λC∇(AB)λ†D − λ†C∇∂(AB)λD]
+
√
2
χ2
NCD[λC∂
(AB)λ
†
D − λ†C∂(AB)λD].
Supposing
NCD = − 1√
2
λ(†CλD), (60)
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we have
−N jω+i⊥j =
√
2NCDnC
Eω(AB)DE
= λ†C∇(AB)λC − λ†C∂(AB)λC .
If we choose
N = λAλ
†A = χ2, (61)
the integral of the boundary term (46) reads∮
S
B˜(AB)dSAB
= −1
2
∮
S
σ(Nω(CB)AC +Nω
(CA)B
C)dSAB
+2
∮
S
σNCDnC
Eω(AB)DEdSAB
=
∮
S
σχ2(∂I lnχ
2 + ∂(AB)eIAB)dS
I +
∮
S
σKdS3
∮
S
σ{λ†C∇(AB)λC − λ†C∂(AB)λC}dSAB. (62)
Using the Witten identity [19] ∮
S
σλ†A∇iλAdSi
= 2
∫
Σ
σ(∇(BC)λA)†(∇(BC)λA)dV +
4πG
∫
Σ
σλ†A(T00λA +
√
2T0ABλ
B)dV, (63)
one find ∮
S
B˜(AB)dSAB
=
1
2
√
2
∮
S
σK(λBλ†A + λAλ†B)dSAB
+
1
2
∮
S
σ(λ†A∂(CB)λC − λA∂(CB)λ†C + λ†B∂(CA)λC
−λB∂(CA)λ†C − λ†C∂(AB)λC)dSAB
+2
∫
Σ
σ(∇(BC)λA)†(∇(BC)λA)dV
+4πG
∫
Σ
σλ†A(T00λA +
√
2T0ABλ
B)dV. (64)
which leads the positivity of the gravitational energy in the asymptotically flat boundary condition in space infinity.
It is to be noted that we do not use Nester’s gauge NAB = 0. Instead we suppose the equation (60), which means
that Nester’s proof is extended to the case including momentum. The Nester gauge condition plays role only in the
lapse part of the boundary term, while the Witten equation plays roles not only in the lapse part but also in the shift
part of the boundary term in the proof of the positive energy theorem.
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VI. CONCLUSIONS
A self-dual teleparallel gravity is developed. Its Lagrangian is equivalent the Ashtekar Lagrangian. The basic
dynamic variables are the dyad spinors ζaA. The Ashtekar connection appears in the canonical momentum conjugate
p˜aA to ζaA. In the Hamiltonian formulation of this theory the Nester gauge condition can be derived from the Witten
equation directly and a new expression for the boundary term which is the self-dual part of the Nester boundary term
is obtained. Using this expression the proof of the positive energy theorem by Nester et al can be extended to a case
including momentum.
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